We develop a generic description of thin active films that captures key features of flow and rotation patterns emerging from the activity of chiral motors which introduce torque dipoles. We highlight the role of the spin rotation field and show that fluid flows can occur in two ways: by coupling of the spin rotation rate to the velocity field via a surface or by spatial gradients of the spin rotation rate. We discuss our results in the context of patches of bacteria on solid surfaces and groups of rotating cilia. Our theory could apply to active chiral processes in the cell cytoskeleton and in epithelia.
The building blocks of biological systems are chiral molecules such as proteins and DNA. The emergent collective behaviors of these molecular components give rise to active dynamic processes in cells and tissues which reflect these molecular chiralities. A key example is the breaking of left-right symmetry in organisms with a welldefined handedness during development [1] [2] [3] [4] . In vertebrate animals, it has been shown that the rotating beat of cilia, which drives chiral hydrodynamic flows, is at the basis of left-right symmetry breaking [5] [6] [7] [8] (i.e., the heart is on the left side in humans).
Many pattern forming events in the cytoskeleton are also governed by active chiral processes. The cytoskeleton is a gel-like network of elastic chiral filaments and other components such as motor proteins. The interactions of motors and filaments drive movements and intracellular flows [9, 10] , which can have chiral asymmetries [11] [12] [13] [14] . Active chiral processes have been observed in the Xenopus cell cortex [11] and crawling neurites [15] . Moreover, chiral movements in the C. elegans cell cortex have been suggested to be involved in the left-right symmetry breaking [16] .
Further examples are rotating motors on a surface [17] [18] [19] and carpets of beating cilia used for fluid transport along surfaces [20, 21] . Many microorganisms possess carpets of cilia on their outer surface, which are used for selfpropulsion. Various beating patterns of cilia exist, which in general are chiral and often exhibit rotating movements resulting in helical trajectories of microswimmers [21] . The interaction of microswimmers with surfaces can lead to interesting effects [22] . Recently, flagellated E. coli bacteria [see Fig. 1(a) ] close to a solid surface were reported to generate large scale chiral flow patterns [23] .
The cell cytoskeleton and suspensions of active swimmers have been described as active fluids and gels and studied in the framework of hydrodynamic theories [24] [25] [26] [27] [28] [29] . Such approaches are based on liquid crystal hydrodynamics [30] [31] [32] [33] [34] [35] driven out of equilibrium by internal active processes. It has been shown that stresses generated by active processes can give rise to a rich variety of dynamic patterns and flows [10, [36] [37] [38] [39] [40] [41] . Similar approaches have also been used for the study of granular systems [42, 43] . Recently, we proposed a systematic extension of the theory of active gels to active chiral fluids [44] , in which active contributions to the antisymmetric stress and active angular momentum fluxes are generated by microscopic torque dipoles which arise in situations where interacting objects counterrotate. Examples of torque dipoles are the counterrotation of cell body and flagella of swimming bacteria, see Fig. 1(a) , helical actin filaments interacting via clusters of myosin motors; see Fig. 1(b) . Thus, in general suspensions of chiral swimmers as well as the cell cytoskeleton can be considered to be active chiral fluids.
Many of the most striking active chiral effects, including the biological examples mentioned above, have been observed at interfaces and close to boundaries [2, 3, 45] . It is the aim of the present work to derive a generic theory for active chiral films. To capture the effect of torque dipoles in complex fluids, we need to explicitly consider a local spin degree of freedom [44] . We show that in active chiral systems the intrinsic or ''spin'' rotation rate can be different from the vorticity of the flow field even at steady state. This is different from conventional soft matter [32, 33, 35] . We show furthermore that the coupling between the spin rotation rate and momentum fluxes can give rise to large scale flows. We discuss these behaviors in the context of the fluid flows generated by simple experimental systems such as beating cilia and bacteria adhering to a surface and close with a discussion of other systems where our theory is relevant such as the cell cortex.
We start by briefly reviewing the bulk properties of an active chiral fluid [44] in order to introduce the relevant concepts. Linear momentum and angular momentum conservation can be expressed as
(1)
where denotes mass density, v is the center of mass velocity and a summation convention is implied. Here, v is the momentum density. The density of angular momentum l tot is described by an antisymmetric second rank tensor. Externally applied force and torque densities are denoted by f ext and ext , respectively, r is a position vector, [30, 31, 35, 45] , which is usually ignored but plays a central role in active chiral systems. Similarly, the total angular momentum flux
Þ is the sum of fluxes M and r tot À r tot of spin and orbital angular momentum, respectively. Note that the spin angular momentum density l and the spin angular momentum flux M do not depend on the choice of the coordinate system. We define an effective rate of spin rotation of local volume elements via l ¼ I , where I is the moment of inertia tensor per unit volume [35] . The spin angular momentum then obeys
which shows that spin and orbital angular momentum are not individually conserved but can be exchanged through antisymmetric stress. We discuss the effects of an active chiral process by considering a torque dipole ðrÞ in a fluid, located at r ¼ 0, see Fig. 1(c) . This torque dipole is built from two torque monopoles AEq p , of strength q separated by a small distance d in the direction of the torque axis given by the unit vector p:
Note that is invariant under the transformation p ! Àp, which implies a nematic character. From Eq. (3) the torque dipole can be interpreted as an active contribution M act ¼ Àqd p p ðrÞ to the spin angular momentum flux, which obeys @ M act ¼ . In a suspension of many identical torque dipoles at positions r ðiÞ and with orientations p ðiÞ , the active angular momentum fluxes are
where ¼ ÀSqdn and 0 ¼ ðS À 1Þqdn=3 describe the strength of a nematic and an isotropic active contribution to M , respectively, and n is the dipole density. Here and below, p, with p 2 ¼ 1, denotes a coarse-grained nematic director and S is a nematic order parameter obeying Sðp p À ð1=3Þ Þ ¼ hp ðiÞ p ðiÞ i À ð1=3Þ , where the average is taken over a volume element [33] .
The constitutive equation for the spin angular momentum flux then has the form
Here, the term proportional to the phenomenological coefficient describes passive dissipative processes [35, 44] . For simplicity, we ignore other passive couplings and neglect inertial terms. We complement Eq. (6) by the constitutive equations of a passive incompressible fluid:
where, is the shear viscosity and 0 is a rotational viscosity [44] . Here,ũ is the traceless part of the strain
is the vorticity and h ¼ ÀF=p is the distortion field conjugated to p, where F is the distortion free energy. Other additional coupling terms known to exist in liquid crystals have been neglected for simplicity. In the present Letter, the only active processes we consider are the ones stemming from the torque dipole Eq. (4). We thus ignore possible active contributions to the symmetric part of the stress tensor. The pressure P plays the role of a Lagrange
The orientation vector p changes due to flow alignment and convection. It obeys the dynamic equation
Together, Eqs. (6)- (9) are the bulk equations of motion of the active chiral fluid and provide the basis for our discussion of thin active chiral films. We now study the stresses and flows generated by active chiral processes in a thin fluid film of constant height h on a solid substrate in the xy plane; see Fig. 2 
To obtain equations of motion in the thin film, we integrate the force balance Eq. (1) with f ext ¼ 0 over the film thickness and obtain
where the bar denotes an average over the film height, " We express the shear stress at the film surfaces as resulting from friction forces
Friction due to relative motion and relative rotation with the substrate is described by the coefficients t and , respectively [46] . Note that although Eq. (11) explicitly contains spin rotation rates, it is not chiral since it is invariant towards the inversion of the coordinate system r ! Àr. Note also that the term " iz must vanish if the film is symmetric with respect to z ! h À z.
Similarly, integrating Eq. (3) over the film thickness for ext ¼ 0 we obtain
Similar to Eq. (11), we express the torque densities on the surfaces. We take into account friction forces due to local rotation described by the coefficient r . Furthermore, we consider surface torques generated by torque dipoles which are attached to the surface by one end, see Fig. 2 , thereby creating active chiral surface effects. The torque densities at the surfaces then read
Here, the effects of torque dipoles attached to the surfaces are described by the coefficients s and 0 s . While the friction term proportional to r in Eq. (13) is inversion symmetric, the two active terms are chiral and vanish in film symmetric with respect to z ! h À z.
We now compile the equations of motion of the active chiral films in the absence of external shear stresses and pressure gradients. In the presence of an external applied shear stress on the boundaries we have " iz % ext iz . Thus, in the absence of external shear stresses,
zz is the externally applied pressure and we find, "
We finally obtain equations of motion for the flow and rotation field:
We obtain the dynamic equation for p by averaging Eq. (9) over the the thin film,
FIG. 2 (color online). Schematics of a thin fluid film of height
h that contains chiral motors. Motors are torque dipoles that consist of counterrotating spheres [see Fig. 1(b) ], one of which is attached to the surface. The other rotates as indicated by the arrows. The average motor direction is described by the vector p which is tilted at an angle in y-direction.
Here, we used the thin film approximation @ i v z ( @ z v i .
To illustrate the key features of our theory, we now consider a thin active film containing torque dipoles that are on average aligned along the constant vector p ¼ ðcos sin; sin sin; cosÞ. Here, we have introduced the angle describing the average tilt with respect to the surface normal vector and the angle , which specifies the tilt direction with respect to the x axis. The field h then becomes a Lagrange multiplier that enforces the constraint of constant p. Moreover for simplicity, we consider the
We first consider a homogeneous distribution of motors in an infinite system, where all spatial derivatives vanish. In this case, Eq. (14) reads "
A flow with a velocity j" vj / s sinð2Þ is generated by an active interaction of the torque dipoles with the surface. The flow direction is perpendicular to the direction of tilt with respect to the surface normal vector. From Eq. (15) the spin is " xy ¼ ð s cos 2 þ 0 s Þ=ð4 0 þ r Þ while the vorticity of the flow field vanishes, " ! xy ¼ 0. We next consider a circular patch of radius R that contains active motors with constant p. This is described by position dependent coefficients s ðrÞ ¼ s ÂðR À jrjÞ and similar expressions for 0 s , and 0 , where ÂðrÞ is the Heaviside function. We numerically solve Eqs. (14)- (16) in a box of size L ¼ 4R with periodic boundary conditions using Fourier transforms. The velocity field for a tilt angle ¼ 0 is displayed in Fig. 3(a) . The active patch generates a chiral flow field driven by the spin " xy . The stream lines are concentric circles. The flow velocity is maximal at the edge of the patch and decays exponentially outside. As for the homogeneous case with ¼ 0, there is no net transport across the patch. If the motors are tilted with Þ 0 along the y axis, a net transport in x direction across the patch with velocity proportional to sinð2Þ appears in addition to the circular flow; see Fig. 3(b) . This result is a linear superposition of the flows generated by the tilt and the circular flows generated at the boundary of the patch.
These examples illustrate that local spin rotations can generate fluid flows. This can occur in two ways. (a) The spin rotation rate couples to the velocity field via the boundaries. This mechanism can generate large scale flows and net transport; see Eq. (18) . (b) Flows are generated orthogonal to gradients of the spin rotation rate. These flows circulate around patches of rotating motors; see Fig. 3 . In all cases the spin rotation rate " xy differs from the vorticity of the fluid flow " ! xy , even in steady state. We now discuss our theory in the context of two biological examples of active chiral films: (i) E. coli bacteria placed on a solid agar surface were shown to generated chiral fluid flows [23] ; (ii) rotating primary cilia produce flows that break left-right symmetry in developing organisms, as observed, e.g., in mouse [5] [6] [7] and zebrafish [47] embryos. In system (i), the bacterial flagella typically point away from the surface, while they may orient in all directions in the xy plane. Thus, the local average of flagella orientations characterized by p points in the z direction. In system (ii), the average direction of cilia p is kept constant by the anchoring of the cilia in tissue surface. Thus, for both examples, our assumption of constant p applies.
In system (i), circular flow patterns are observed near the boundaries of bacterial patches, similar to the flows shown in Fig. 3(a) . In system (ii), flows along the surface in the direction orthogonal to the tilt-direction of cilia are generated [6] [7] [8] , similar to the flow shown in Fig. 3(b) . According to Eq. (18), the velocity of the net flow is maximal for tilt angles of ¼ 45 . Interestingly, reported tilt angles of cilia vary between 30 and 50 [48] , which is close to the angle of maximum transport velocity in our theory.
We have developed a coarse grained description of flow patterns generated in active chiral films. Our theory highlights the role of the spin rotation field for active chiral processes. We show that unlike in inversion symmetric and passive chiral systems, where ¼ ! on long time and length scales [35] , in active chiral systems Þ ! even in steady state. We demonstrate that patterns of spin rotation can drive flows via coupling with the boundaries and gradients of spin rotation rate, as exemplified in beating cilia and bacterial patches, respectively.
Active chiral processes play an important role in biological pattern formation. Our theory is motivated in particular by chiral processes observed in the cell cortex 
[11, 15, 16] , which is a thin film of an active gel. Chiral flows of the cytoskeleton have been suggested to play a role in the formation of chiral asymmetric structures in cells and tissues [16] . On larger scales, two dimensional tissues called epithelia are also examples of active chiral films. Epithelia are active systems due to cell division, cell locomotion, and cell death and cell polarity plays the role of the direction p of our theory. Chiral patterns have been shown to form in epithelia, such as the scalp hair whorl on human heads [49] . Our generic theory highlights the importance of chiral surface processes in active systems, which we expect to play a key role in the formation of chiral patterns in the cytoskeleton and in tissues. S. Fürthauer and M. Strempel contributed equally to this work.
